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NON-LINEAR INTEGRAL EQUATIONS OF THE 
VOLTERRA TYPE. 

By Hatg Galajikian. 

Introduction. 

An existence theorem concerning the non-linear integral equation of 
the Volterra type 

i{x) = (t>{x) + Cfix, t, u{t)]dt 

was first given by T. Lalesco,* using the method of successive approxima- 
tions after Picard. In 1911 this same equation was considered by the 
author,t independently of T. Lalesco's work. While the general plan of 
treatment was the same, the region of existence was made less restricted 
by the introduction of a curved boundary in place of the rectangular 
one used by T. Lalesco; also a new method for proving the uniqueness of 
the solution was introduced. The author also established existence the- 
orems for the equation of more general type 

u{x) = g\x, \ /i[x, t, u{t)]dt, j f2[x, t, u(t)]dt \ , 

the method used, that of successive approximations, applying to a system 
of n such equations with m arguments involving n unknown functions. 

It is evident that the value of a theorem of this sort is considerably 
increased by the weakening of the conditions imposed on the functions 
involved and by increasing the size of intervals in which these conditions 
must hold. Hence, in the first part of this paper, the set of integral 
equations, mentioned above, is considered, and followed by an effort at 
an improvement of the existence theorems so far given by widening the 
interval in which the existence of solution has been estabUshed. 

It may be that in certain cases it is not only required to know whether 
or not a solution exists, but whether or not the solution has derivatives; 
and this naturally comprises the question of continuity. Hence the 
purpose of the main body of this paper is two-fold. First, it is to show that 

* Journal de Math^matiques, series 6, vol. 4 (1908), p. 165. 

t Master's thesis, Cornell University, 1912; cf. Bulletin of American Mathematical Society, 
vol. 19 (1912), pp. 342-346. 
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NON-LINEAR INTEGRAL EQUATIONS OF THE VOLTERRA TYPE. 173 

the solutions given by the existence theorems will, under certain condi- 
tions, be continuous functions of both upper and lower limits of the 
integral arguments appearing in the equations. In other words, it is to 
show that under the conditions of the problems no discontinuous solution 
may exist. Secondly, it is to show the existence of first derivatives with 
respect to the upper and lower limits of integration, in other words with 
respect to the arguments of the unknown function. Here the methods 
used necessitate the introduction of such additional conditions as con- 
tinuity and existence of certain of the partial derivatives of the functions 
involved in the equations treated. 

The methods used throughout the paper are very simple and straight- 
forward. The establishment of the first derivative of the solution with 
respect to the upper limit of integration is accomplished in a truly ele- 
mentary way, void of all difficulties. However, the study of the first 
derivative of the solution, with respect to the lower limit of integration, 
necessitates the proof of the existence of a unique solution of an integral 
equation of a more general type than heretofore considered. 

The third part of the paper is devoted to the study of this general 
non-Unear integral equation, under restrictions very similar to those 
assumed in theorems given in the first part of the paper, 

A short section is added at the end to show how the question of first 
derivatives may successfully be extended to derivatives of any order 
whatever. 

As the forms and lengths of the equations treated are rather cumber- 
some in certain sections, a notation has been introduced, which, although 
not claimed to be perfect, does simplify the work to a considerable extent. 
In what follows an integral equation of the type 

u{x, Xo) = g\x,j fi[x, t, u{t, Xo)]dt, •■, J fm[x, t, u{t, Xo)]dt \ 

will be denoted by the equation 

u{x, Xo) = [x, [x, t ; u]]. 

The absence of the star over the second bracket indicates that there is 
only one argument, in the function g, of the form 






f[x, t, u{t, Xo)]dt. 



The presence of the star shall mean that the process involved is absolutely 
the same for any finite number of arguments as for one, and the expression 
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represents the sum of a number of terms similar to the one written. 
Partial derivatives will be denoted by the symbols 

(,)[ ] and (x)[-- (»)[•• •]]• 

In order to avoid all possibilities of confusion, we cite here an example 
from page 183 of the paper. There we have the expression 

(;,)[x + 6k, [x, t ; u] + e{[x -\- k, t ; u] - [x, t ; u]]] 

Xq Xq Zq 

1 z+k z X 

+ r{[x + k,t;u]-[x,t; u]}c,,y[x + Bk, [x, t ; u] 

1^ Kf. Z(, Zn 



«0 *(i 



+ e{[x -\-k, i; u]- [x, t •,u]]] 

Zq Xo 



which written out in full for two arguments Vi, Vi would be 
gAx + ek, j /i[x, t, u{t, Xo)]d< + Aj fi[x + k, t, u{t, Xo)]dt 

- I fi[x, t, u{t, Xo)]dt , I fi[x, t, u{t, Xo)]di 

+ e J /2[x + k, t, u{t, Xo)]dt — J filx, t, u{t, Xo)]dt \ 
+ l\ J /»[^ + ^> i> ^(*' ^o)]dt - J fi[x, t, u(t, Xo)]dt \- gAx + ek, 
f fi[x, t, u(t, Xo)]dt + e\ n fi[x + k, t, u(t, Xo)]dt 

WXo L »Jxo 

— I fi[x, t, u{t, Xo)]dt , I filx, t, u{t, Xa)]dt 

<Jxi, J «/xo 

e j filx + k, t, u{t, Xo)]dt - j Mx, t, u{t, Xo)]dt \ 
^ j M^ + k, t, u(t, Xo)]dt - J fi[x, t, u(t, Xo)]dt 



+ 
+ ■ 



X ?»j {similar terms as in p„). 
This example will show the advantage of the notation. 
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1. The System of Integral Equations 

Ui(x, Xo) = ^[x, [x, t;ui,Ui, ■ ■ -, «„]], 

'a 
QN Ui{x, Xo) = ^[x, [x, t;Ui,U2, ■ ■ ■, Un]], 

X 

Unix, Xo) = "[X, [X, t;Ui,U2, • • ■, Un]]. 

'a 

Theorem. Let ^[x, Vi, ■ ■ ■, v^], • ■ ■, "[x, Vi, • ■ ■, Vm] be continuous and 
satisfy Lipschitz conditions for the arguments Vi, f 2, • • • , Vm, namely 

m 

Y{X, fl + Ml, t'2 + M2 ■ ■•,V,n + Mm] — '[X, Vi, V2, • • -, Vm]\ ^ A 2] |Mi| 

4=1 

(i = 1, 2, • • • n), 

in the region \x — Xo\ = a, \vi\ ^ /3, |?;2| = /3, • • •, \vm\ = |3. Let [x, t; 

Ui, U2, • • • , Un] be continuous functions, and satisfy Lipschitz conditions for 

the arguments, Ui, Ui, • • • , Un, namely 

ft 

|[a;, t; Ui + vi, u^ -\- v^, ■• ■, u„ + Vn] — [x, t; Ui, Ut, • ■ ■, Un]\ ^ B2 l".! 

in the region |x — Xol = a, |( — Xo! = a, \ui — '[x, 0, 0, • • •, 0]| ^ 7, 
(i = 1, 2, ■ ■ ■, n); furthermore let 

\[x, t; ui, Ui, ■ ■•,Un]\ ^ M. 

Then if p satisfies the conditions 

there exists, in the interval jx — Xo| = p, one and only one system of con- 
tinuous functions, 

Ui(x,Xo), Uiix, Xo), ■■■, Un(x,Xo), 

satisfying the system of integral equations (1). 
Define the functions 

Uio{x, Xo) = '[x, 0, 0, • • •, 0] (i = 1, 2, • • •, n] 

(2) . . - 

Uik{x, Xo) = '[x, [x, t ; Uik-i, U2k-i, • • •, u„k-i]] 

{i = 1,2, ■••,n), (k = 1,2, •••). 

It is easily seen that at each stage of the approximation the conditions 
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\uik{x, xo) - '[x, 0, 0, • • •, 0]| ^ 7 (i = 1,2, ■■■,n), 

X 

\[x, t ; uik, U2k, ■ ■ •, Unk]\ S /3 (k = 1,2, ■• •), 

are satisfied when |x — xo] S p, and hence the next following set of 
approximation will have a meaning. Evidently each Uik(x, Xo) is contin- 
uous for |x — Xo| = p. 

We shall prove that the sequences 

Uik(x,Xo), U2k{x, Xo), ■■■, U„k(x,Xo), 

approach, uniformly, the limits 

Ui(x,Xo), U2{x,Xo), ■••, Un{x,Xo). 

To this end we write, 

Uik{X, Xo) — Uik-l{x, Xo) = Uik(x, Xo), 



so that 



Uik{x, Xo) = Uio{x, Xo) + Uii{x, Xo) + • • • + Uikix, Xo), 

ii = 1,2, •••,n), {k = 1,2, •••)• 



The Lipschitz conditions on '[x, Vi, Vz, • • ■, Vn] and [x, t;ui,U2, • ■ ■, «»] 

give us, 

, ^r / M mnAB \ 
\Uik(.x,Xo)\ r 



n 



m^n^A'^B^ 



n 



m 



ril\Uik-i{t, Xo)\dt 

r\ Cii\Uik-2ih,xo)\dti 



dt 



k—l^k—lj^ *— IJg i— 1 



= nB 

M\ r{mnABp)'' 



<m' 



f't-s " 
22 I Uiiitk-i, Xo) \dtk-: 
■ -J '=1 

• • • 1 \M\tk-i - Xo\dtk-i 
when Ix — Xo| S p. 



dti 
dh 



dt 
dt 



Since the series of constants 

hi k\ 
converges, we see that the series 



] 
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Uio(x, Xo) + Unix, Xo) + Unix, Xo) + • • • + Uikix, Xo) + • • • 
converge uniformly, |x — Xo| ^ p; if we represent their values by 

Ui(x, Xo), Uiix, Xo), • • •, Unix, Xo), 

we have 

Lim Uik{x, Xo) = ui{x, Xo), • • •, Lim Unh{x, Xo) = Un{x, Xo) 

uniformly, |x — Xo| ^ p. By reference to (2) we see that these limits 
satisfy the system (1). 

That there is only one such set of continuous functions, satisfying the 
system (1), may be seen as follows. Suppose there were two sets of con- 
tinuous functions «,(x, Xo) and 2,(x, Xo) satisfying the set (1), and put 

Ui{x, Xo) — Zi{x, Xo) = Wi{x, Xo). 

If we now write the set of equations (1) for Uiix, Xo) and Zi{x, Xo), and 
subtract, we see from conditions on the functions *[x, v\, v-i, • • •, v„,] 

and [x, t; Ui, «2, • • •, Un], th&t 

(3) \wi(x, Xo) I S mAB I \wi(t, Xo) \dt , 

and if we write |w,(x, Xo) | ^ W, we have by successive applications of (3) 

|tfi(xiXo)| ^ mnABW\x — xo|, \wi(x, Xo)| S m^n^A^B'^W o; ° , 

and in general 

\ /■ M ^ ^[mnAB\ x - Xo\]'' 
\wiix, Xo)| ^ W ^1 '-. 

The expression on the right has the limit zero as k becomes infinite, there- 
fore 

Wi{x, Xo) = 0, or Ui{x, Xo) = Zi{x, Xo). 

2. Removal of the condition 

Ix - Xo^ 



mAM' 



In the preceeding article the existence of a set of continuous functions, 
satisfying the given set of integral equations, was shown in a region smaller 
than the one in which continuity and the Lipschitz conditions were 

imposed on the functions '[x, Vi, v^, • • •, v,^ and [x, t; Ui, Ui, • ■ ■, «„]. 
More particularly, we had 

Ix-xol^p; p^a, p^^, P^;J]^- 
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The removal of any one of these condition, on our interval, will un- 
doubtedly add to the value of the theorem. The third of the conditions 
on p may be removed by a simple procedure, depending on the part of the 
existence theorem of the above section dealing with the uniqueness of the 
solution. As this condition for a system of equations of the type (1) is 
identically the same as for one equation of the form 

X 

u{x, Xo) = [x, [x, t : u]], 
and as the argument employed is identically the same as for an equation 

X 

u{x, Xo) = [x, [x, t ; u]], 

xa 

where the third condition on p is 

<_Z_ 
^ =AM' 



we shall treat this last equation here. 
Let the Une PQ represent the interval 



\x — Xo\ s min 
and subdivide this Une so that 



("'^)' 



y 
AM- 



Xl 



Xq 



X2 



X, 



In any one of the subintervals \x^ — Xa_i| ^ yjAM a solution of 

X 

u(x, Xo) = [x, [x, t,; u]] 
exists and is unique. Let us call u^ix, Xo) the solution of 

X 

u^{x, x^ = [x, [x, t ; u% 
for |x — Xo| = Xi — Xo; it exists and is unique. Now consider 



(1) tt»>(x, Xo) = [x, [x, t;uO] + [x, t ; u^d]] = [x, [x, t ; u^'^] 

Xo xi Xi 



(1)' 
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an integral equation whose solution exists for |x — xi] S Xi — Xo, and is 

unique, for 

\[x,v + m]»>' - [x, j;]»>| ^ Aai, 

and for a small enough subinterval 

\[x,t]u'] +v\^^, 

"a 

or 

\v\^& - M{xi - Xo), 
and 

|x — Xo| = a, \t — Xol = a. 

This may be seen from the approximations 

Mo"'(x, Xo) = [x, 0](», 

«/i>(x, Xo) = [x, [x,t]u^^^'W\ 
where 

\[x,t] m/i>]| ^ /3 - M{xi - Xo), 

or 

ilf |x - Xil ^ |8 - M{xi - Xo), 

which is evidently true for Xi ^ x ^ X2 and consequently also for Xo 
^ X ^ Xi, and we also have 

i«/i)(x, Xo) - [x, 0](»| ^7. 

Suppose now Xq < x < Xi, then 



u^'Kx, Xo) = [x, [x, ( ; «(»']] = [x, [x, i ; ««»] + [x, ( ; «<»>]] = [x, [x, ( ; ««"]](». 



Therefore u^ix, Xo) is a solution of (1) for Xo < x < Xi. But the solution 
of (1) is unique for [x — Xi| ^ (xi — Xo); it follows therefore that 

u^'''>{x, Xo) = M<"(x, Xo) for Xo S X S Xi. 

Therefore there is one and only one solution of our original integral 
equation in the extended interval (a, h). Continuing this process, we 
extend this solution to the interval PQ. 

3. Continuity of the Solution. 

Theorem: CHven the integral equation 

X 

(1) u(x, Xo) = [x, [x, t ; u{t, Xo)]] ; 
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let [x, Vi, V2, • • • , Vm] be continuous and satisfy for all its arguments* the 
Lipschitz conditions 

\[x + fio, Vi + fii, Vi -\- Hi, ■ ■ •, v„ + n„] — [x, Vi, Vi, ■ ■ ■, v„]\ ^ ^SIm*! 

*=0 

in the region \x — Xo\ S a, \vi\ ^ /3, 11^21 = ^, ■ • -, \vm\ = ^- Let [x, t; u] 
he continuous functions, and let them satisfy, for the arguments x and u, the 
Lipschitz conditions, 

\[x + e, t; u + 7,] - [x,t;u]\ SB{\e\ + |„|}, 

in the region \x — Xo| ^ a, \t — Xo\ ^ a, \u — [x, 0, • • •, 0] | g 7. Further- 
more let 

\[x, t; u]\ ^ M. 

Then if there is any solution whatever, in the interval \x — Xo\ = a, it 
is continuous in x and Xo. In particular, then, the unique solution of the 
equation (1) in |x — Xo| = p, p ^ min {a, fi/M), is continuous in x and 
Xo in this reduced interval. This also applies to the set of solutions of 
the system of equations of § 1. 

We want to show that, given a positive number e, however small, we 
can make the absolute value of the difference 

u(x + k, Xo + h) — u{x, Xo) 

become and remain less than e, by choosing \k\ and \h\ small enough. 
Write 

|tt(x + k, Xo + h) — u{x, Xo) I 

\^) 

^ { \u{x + k, Xo + h) — u{x, Xo + h)\ + \u(x, Xo + h)—u{x, Xo)\\, 

the two parts of which may be made to become and remain less than e/2, 
respectively, for \k\ and \h\ small enough. 
To this end we call 

ui(x, Xo) = [x, [x, t ; u(t, Xo + h)]], 

Xd+h 
X 

u{x, Xo) = [x, [x, t ; u{t, Xo)]], 

and 

z(x, Xo) = Ui(x, Xo) — u{x, Xo). 

Breaking up (2) into its two parts we have, 

* Notice here that an additional Lipschitz condition on the argument x is necessary whereas 
that was not at all necessary for the existence theorem in the form it appears in in this paper. 
See Bulletin of the American Mathematical Society, vol. 19 (1912), p. 345. 
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\u{x + k, Xo + h) — u{x, Xo + ^) I 

(O) . X+k , X 

= \[x -{■ k, [x ->r k, t ; Ui]] - [x, [x, t ; tti]]|; 

m " , X 

(b) \u{x, xa + h) — u{x, Xo)| = \[x, [x, t ; «i]] — [x, [x, < ; m]]|. 

xo+A Xo 

Taking (o) we have 

|tt(x + A;, Xo + ^) — u{x, Xo + h)\ 

• X , x+k , X 

= \[x + k, [x -{■ k, t ; ui] -\- [x ->r k, t ; Wi]] - [x, [x, t ; Ui]]\, 

xo+A X xo+A 

which, because of the Lipschitz condition on [x, Vi, ■ ■ ■, Vm\, is 

« X ^ X tt x+jt 

^ A{|A;| + |[x + A;, f ; Wi] - [x, < ; -wjl + |[x + A;, < ; tti]|} 

xo+* XO+A X 



^ A j |A;| + r lix + A;, <; «i] - [x, t; u^\\dt I + 1 C^ \[x + k,t; u^\\ 

I I «'xo+A I I Jx 

which, because of the Lipschitz condition on [x, t; v\, is 

^ A j |A;| -l-TOB|ifc|| r 



dt 



dt 

Xo+A 



+ mM\k\ 



^A{\k\ -\-mB\k{x - Xo - h)\ + mM\k\] = A\k\{l + mBa + mM}, 

where 

|x — Xo — ^1 = a. 

Calling now A{1 + mBa + mM} = P, where P is a finite constant, we 
get 

\u{x + k, Xo + h) — u{x, Xo + ^) I = P\k\. 

Treating (6) in the same manner, we have 

\z{x, Xo)| = |[x, [x, t ; ui]] - [x, [x, t ; «]]| 

Xo+A Xo 

= |[x, [x, f ; «i] - [x, t ; tti]] - [x, [x, t ; m]]| 

Xo xo Xo 



where 



^A] I \[x,t;ui] — [x,t;u]\dt\ + \\ \[x,t];u\i 
^ A I mB\ j \z\dt\ + mM\h\ \ = X|w(x, Xo)|+ mI^^I, 



dt 



X = mAB, mAilf = n, j \z(t, Xo)\dt = w{x, Xo). 

Thus we have the differential inequality 
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\w'(x, Xo)| ^ X|w(x, Xo)| + iJ.\h\, 
from which follows* that w{x, Xo) satisfies the inequaUty 

\wiX, Xo)\ S \W{X0, Xo) le^"-"^"' + JfLL (gWx-a:,! _ 1)_ 

However, 

w{xo, Xo) = 0, 

therefore 

|w(x, Xo)| ^ |/i|^(e^i"-"»i - 1), 
and finally from 

w'{x, Xo) = |2(x, Xo)| ^ X|w(x, Xo)i 4- mI^I- 
we have 

|3(X, Xo)| ^ Ml^k^""'"'- 

Combining this with the result of (a), we have 

\u(x + k, Xo + h) — u{x, Xo) I < e, 
for |A;| and \h\ sufiiciently small. 

4. First Partial Derivatives of the Solutioa. 
Theorem: Given the integral equation 

(1) u{x, Xo) = [x, [x, t ; u]]; 

let [x, Vi, Vi, • • • , Vm] he continuous and satisfy lApschitz conditions for the 
arguments Vi, V2, ••-, v„, in the region |x — Xo| S a, \vx\ S /3, •••, 
\Vm\ = |8- Let the first partial derivatives of [x, Vi, Vi, • • •, Vm] vxith respect 
to all its arguments exist and be continuous. Let [x, t; u] be continuous 
functions and satisfy Lipschitz conditions for the argument u in the region 
|x. — Xo| ^ a, \t — Xo\ ^ a, \u — [x, Vi, • • •, Vm]\ ^ y. Let the first partial 
derivatives of [x, t; u] with respect to arguments x and u exist and he con- 
tinuous in the same region. Furthermore let 

\[x,t;u]\ SM, 
and 

\[x,[x, t;u]]\ £N. 

Then if p ^ a, p ^ ^/M, the unique solution of (1) has first derivatives 
with respect to x and Xo.f 

* See for instance Bliss, Princeton Colloquium (1909), p. 88. 

t It may be observed that the conditions, required for the existence of the first partial de- 
rivative with respect to x alone, are very much weaker than the ones stated above for both partial 
derivatives. 
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We want to show the existence of the following limits 

^"^ ^L?L k J' 

and 

(5) Lim r ^*^^' xo + h) - u{x, xp) 1 

Taking (o) first, we have 

U{X + A;, Xo) - Uix, Xo) 1 , r , 7 T , , Z"^* n r r * ^ n ) 

T = illx + k, [x + k,t ; u]]- [x, [x, t;u]]} 

= t{[x + k, [x + k,t •,u] + [x + k, t ; u]] — [x, [x, t ; u]]}, 

1^ Xo X Xo 

which, by the laws of the mean for differentials and integrals, becomes 

m X , x+k , X 

(x){x + dk, [x, t ; u] ->r B{{x -\- k^ t ) u] — [x, t ; u\\\ 

Xo Xo Xo 

1 It x+k ^ X ^ X 

+ T{[x-\-k,t ; u]- [x, t ; u]]^,Jx + ek, [x, t ; u] 

ft- j-(, j;o a:o 

+ B[[x + k,t ; u] — [x, t -yU]}] = (x)[x + dk, [x, t ; u] 

J-Q XO XO 

• j: , I , x+k 

+ 6 {[x + k, t : u] — [x, t ; u] + [x + k, t ; u]} 

xo xo X 

1 . X , X , X+k , X 

+ T {[x + k, t ; u] — [x, t -ju] + [x + k, t ; u] }(.,„)[x + dk, [x, t ; u] 

f^ Xo Xo X Xt 

• X , X , x+k 

+ e{[x + k, t ; u] — [x, t ; u] + [x + k, t ; u]]], 

Xo xo X 

and 

U(X + k, Xo) — U(X, Xo) r , ^7 f ." 1 , i^< r* , ^ i . " i 

—i ^^-^ = (x)[x + Ok, [x, t;u]+ A;e{ (.)[x- + d^k, t ; u] 

K xo xo 

• f X 

+ [x + k, X + dik, u(x + 62k, Xo)]j] + {(x)[x + ^1^, t ; u] 

xo 

• • I 

+ [x + A;, X + dik, uix + dik, Xo)]} • („„)[x + dk, [x, t ; u] 

Xo 

• X , 

+ ^^{(x)[x + ^lA;, t ; u] + [x + k, x + O^k, u(x + Bik, Xo)] }], 
where 6, di, di are positive proper fractions. Passing to the limit, we have 

— ^i — = (x)[x, [x, t;u]]+ { ^x)[x, t;u] + [x, x, u(x, Xo)] ) („j[x, [x, < ; u]]. 
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Again we have, 



tt X 



U{X, Xo + h) - U{X, Xq) 1 ,r T , ^ /, , iMi r f ,11, 

1, r {[x, [x, t ; uit, xo + h)]] - [x, [x, t ; u]]} 

1 « X « X • xo+A 

= r[[x,t ; u{t, Xo + h)] — [x, t ; u] — [x, t ; u{t, Xo + h)] ] 

# X m X « X # xo+A 

X (»„)[x, [x, t;u]+e[[x,t; u{t, Xo + h)\ -[x,t;u]- [x, t ; u{t, Xo+/i)] }] 

"o 'o •'o "a 

~h\] ^"^^^' "^ ' ^^^' ^" "^ ^i^)](«(i5, Xo + ^) — u{t, Xo))dt 

« 1 • X 

— h[x, Xo + &2/1, m(xo + d2h, Xo + 0iA)] f • (,„)[x, [x, < ; u] 
+ 5 I I («)[x, f ; u(<, Xo + eih)]{u{t, Xo + /i) — ttCf, Xo))df 

— h[x, Xo + Gih, u{Xf) + Bih, Xo + ^1^)] \, 
and taking the limit of both sides, we have 
T, im r ^^^> Xo + fe) - u{x, Xo) 1 

A=0 L 'l J 



= I [ax, t-M- Li.- [ ^(^>^o + ^)-^^,xo) j 

- [x, Xo, 0] (,„)[x, fx, iltt]]. 

J '0 



dt 



Assuming that the limit, appearing on either side, exists, and denoting 
it by 

, du{x, Xo) 

we have 

u{x, Xo) = - I 3(x, |)d|, 

»/Xo 

and substituting above, we have 

(1)' 2(X, Xo) = { ^^|(x, t]- £z{t, Od^^it, Xo)] 

- [x, Xo, 0] I • ^ I X, I X, < J - J z{t, i)d^\\, 

which is an integral equation of a type not considered heretofore. 
Now if the assumption about the limit of 
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u(x, Xq + h) — u(x, Xq) 

h ' 

as h becomes indefinitely small, is true, a formal integration of (l)S with 
respect to Xo, ought to lead us back to equation (1). If this does happen, 
then to make the theorem complete, we must prove the existence of a 
unique solution of (1)^ under the conditions of the problem. But (1)S as 
it stands, is the result of a formal differentiation of (1), with respect to 
Xo, and we therefore proceed to the existence theorem of a unique solution 
of (ly which we write in the more general form: 

<x, Xo) = { [( a;, «I -f^it, ^)d|))3] 
(2) 

- [x, Xo, 0]} • '[x, [^x, t]^ -f^it, ^)<^^)]] (* = 1, 2, • • •, m). 

Define the functions 
2o(x, Xo) = - [x, Xo, 0]('')[x, 0, 0], 

2i(x, xc) = [^{^x, t ; -J zo{t, ^)dnzo\ - fx, Xo, 0]} 

X '[a;, [x, «] -J'2o(«, ^)d?]], 

z„{x, Xo) = II (x, t ; -J Zn-iit, ^)d^) z^A -*[x, Xo, 0] | 

X '[x, [x, t] -jT zr^iit, ?)d^]], 

and such that 

fzoix, ^)d^ = r - l^> ^> 0]^'^[^' 0' 0]<^^ = [^' 0' 0] of (!)• 
It is evident that at each stage of the approximation the conditions 



- f 2„(x, {)d| - [x, 0, 0] 

VXfl 



^y (n = l, 2, •••), 



and 
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\\x,t] - f Znit, ^)d|]|s^ 

are satisfied for |x — Xo] ^ p. 

We need to show the uniform convergence, toward a definite limit, of 
the above defined sequence of approximate expressions — a limit that will 
satisfy (2), as is evident from the mode of the approximations. 

To this end we write 

2„(X, Xo) - 2n-l(x, Xo) = Zn(X, Xq) (n = 1, 2, • • •), 

SO that 

n 

2n(x, Xo) = Zo(x, Xo) + 12Zi{x, Xq) (n = 1, 2, • • •)• 

Now if we let N be the larger of the maximum absolute values of 
<''[x, vi, •••, Vm]; M, the larger of the maximum absolute values of 

[(x, <;-jr'2„«, ^)d|)2„], 

Ziix, Xo)| = l2i(x, Xo) - Zo(x, Xo)| ^ I (x, i ; - J 2o(<, |)d^ jzoj 

- k Xo, 0]} '[x, [x, < ; -fzoit, m^J] - { - k Xo, 0)](''[x, 0, 0]} | 
^|{[(x, t\-jjo{t, ^)d^)zo]-kxo,0]}|x, [x, t]-£^o(t, $)d^]] 

- { -[x, Xo, 0]} '[x, [x, «| - jT'so^ ^)di\]\ 

+ I { - k Xo, 0]} *[x, [x, « I -£zo{t, ^)d{]] - { - k Xo, 0]('>[x, 0, 0] 



we have 



+ I { - k Xo, 0]| I '[x, [x, t] -£zo{t, |)d^] ] - ('Mx, 0, 



0] 



S mN^M\x - Xol + m^AM^x - Xo) = m[N^M + inAW]\x - Xo|, 
which we call pjx — Xo|. 
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Now 

- fx, xo, 0]} |x, [x, «] -X^2i(^» ^)d^]J - {[(x, i]-£^oit, Od^)so'^ 

- [x, Xo, 0]} |x, [x, t]-£zi{t, ^)d|]] 1+ 1 {[ (x, « J - jT 2o(i, |)d?)2o] 

- [X, Xo, 0] I '[x, [:C, <1 - jT 2i(<, |)d{]] - { [^X, «1 -J 2o(<, ?)d|)2o] 

- *[x, Xo, 0]} |x, [x, t] -£ Zoit, ^)<^^]]|= |[(^' ^i -f^^^*' Odi)^i^ 

- [{^> ^l-f^oit, ^)d?)2o]||'[x, [x, t]-£z^{t, ?)d|]]| 

+ I \{x, ^1 -J 2o(«, ^)d|)2o] - k Xo, 0] I I |x, I^X, <} - jT 2l(«, l)d^l 1 

- '\x, [x, i]-jjo{t, |)d|]]j^iv|[(x, «j^ - JW, ?)d|)2i] 
-[(aJ, t]^ -£^i(i> ^)d^)3o] I + I [(x, <j^ -J["2i(«, ?)d5)3o] 
-Ux, «J -fzoit, Odnzo\\ + m{NM\x-Xo\ + M}A 

x\\x,t]- f ziit, ^)d| 1 - [x, f; - f 2o(«, ?)d?l I 

^mNMP, l^-^"!' + (TOiV^s + w2(iVilf|x - xol + M)AB} ^'^^~^''^\ 
or 

\z,(x, Xo) I ^ miifiVPi J^::!^ + { ^ + ^'^^^Bix - Xol } ^il^^:^' . 

Similarly it may be shown that 



iZzix, Xo) I ^ milfiVPa i^— M 



^ + wWiVABlx - Xol !p2 '"^ "^"'^ 



-Xo||. 
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and in general 

..r^TT, |x-Xo| , f -Pi-B , _2,^^^^ 1,1™ ^ll:^! 

n + 1 

where P„ is the quantity such that 

1Z„(X, Xo) I < Pn. 



\Z„ix, x„) 1 ^mMNP.-^^^ + \ ^ +mmNAB\x-Xo\ ^ ^-^'^ ^°'° 



Consequently, for 

\X — Xo| = Pi p 



^^^^mMN'- + [^ + mmNAB,):^,, 



so that 

Lim p-^ = 0; 

therefore, 

Lim 2„(x, Xo) = s(x, Xo) 

uniformly, and this limit z{x, Xo) is a solution of (2). 

That this solution is unique may be seen as follows. Suppose if 
possible there were two continuous solutions z(x, Xo) and s'(x, «o) and call 

M)(X, Xo) = 2(X, Xo) — Z'ix, Xo). 

It is evident that w(x, Xo) is limited. If we write 

\w{x, Xo) I ^ W, 

we can show, by methods similar to those used in the main body of the 
existence theorem, that 

I C I 

\w(x, Xo) I S mNM \z{t, Xo) - z'it, Xo) \dt 

(3) 



+ 
where 



P = mMm + m^M^A and Q = rri'MNAB. 
From (3) we have 

mMN + -iTr k — Xol + Q|x — Xol" \ W\x — Xo|. 

Substituting this last result in (3), we get 



di 



— Xol* 
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\w{x, xo) 1 ^ mMN '^"^"^' [miifiVTF + ^^ \x - Xo| + QW\x - x,A 
+ [^ + Q|x - Xo|][mMiVTP' + ^^ |x - xol + QT^Ix - xopj J^ 
= [mJfiVTF + ^^ Ix - xol + QW\x - Xof^mNM J^ 
+ j ^ + QIa; - Xol I J 3, ^ [mJlfiV + -^ |x - Xo 



IX — Xol^ 



+ Q|x -'i^^l--«l^ 



-xol^]' 



2! 
Repeating this process, we have 

\w{x, Xo)| si mMiV +-j^ |x - Xol + Q|x - Xol^ — '^gj ^°' , 
and in general, 



r PB 1" 

|w(x, Xo)| S I milfiV + -j^ |x - Xol + Q|x - Xop ■ 



But the expression on the right has the limit zero as n becomes indefinitely 
large. Therefore there is one and only one solution of (2) and hence of 
(1)* under the conditions of the problem. 

5. The Integral Equation 

u(x, Xo) = ^ {^' J^ /i h^' ^' J ^(*) ^)dk \u{t, Xo)dt, 

•••, J ■^"'l^'^' J "^*' ^^'^^ '"^'' ^"^^^ 1 • 

Theorem: Let g[x, Vi, V2, •••, Vm} be continuous and satisfy, for its 
arguments Vi, v^, • ■ ■, Vm, the Lipschitz condition 

in 

\g{x, Vi + fli, Vi +/i2, ••', fm + M>»} —g[x, Vi, Vi, • •■, VmW ^ A Z)|Mfc| 

i=l 

in the region \x — Xo| = a, \vi\ S 0, \vo\ ^ 0, ■ ■ -, \vm\ = 0; furthermore let 

\g[x, vi, V2, ■•■,v„}\ s N. 

Letfi[x, t, d], filx, t, d], • • -, fm[x, t, d] be continuous and satisfy, for the ar- 
gument d, the Lipschitz conditions 

\f,[x, t,9 + v] -f,[x, t, d]\ S B\v\ {k = l,2, ■■ ■, m). 
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in the region \x — Xo\ = a, \t — Xo\ = a, \u — g{x, 0, 0, • • •, 0}i ^ y; 
furthermore let 

\Mx,t,d]\sM {k = l,2, ■■■,m). 

Then if p satisfies the conditions 

" = "' '=MN* 

there exists, in \x — Xoj = p, one and only one continuous solution of the 
equation (1). 

Let us write (1) in the form 

(1)1 u{x, xo) = \x, [{x, t •,D)u\]. 

Define 

Uo{x, Xo) = [x, 0, 0, •••, 0], 

Ui{x, Xo) = [x, [{x, t ; Do)Uo]], 



Unix, Xo) = [X, [(X, t ; Dn-l)Un-l]], 

. . . . ^ 

where the conditions 

\Un(x, Xo) - [x, 0, 0, • • • , 0] i St 
and 

\[(x, t ■, Dn)un]\ ^ ^ (n = l, 2, •••) 

are satisfied as may easily be seen by methods similar to those used in 
previous sections. Thus each successive approximation is justified. 

To show the uniform convergence of the sequence of functions, defined 
above, to a definite Umit which is, as seen by the forms of the approxi- 
mations, a solution of the equation (1)^ or (1), we write, 

U„{X, Xo) — ttn-l(X, Xo) = Unix, Xq) (n = 1, 2, • • •), 

so that 

Unix, Xo) = Uoix, Xo) + Uiix, Xo) + • • • + Unix, Xq) (« = 1, 2, • • • )• 

We have 



* Notice that the condition p S y/mAMN is not introduced here, since it may be removed 
as in section 2. 
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\Ui\ ^ mANM\x — Xo| 

\Vi\-^\{x, \{x, t ] D,)u,]] - [x, [{x, t ; Do)uo]]\ 

^ A{\{{x, t • Z>i)tti] - i(x, t ] Z)i)mo]| 

+ |[(x, t ; I>i)mo] - f(x, t ] I>o)Do]|} 

xo xo 

^ A I I \[ui{t, Xo) — ■woCi, Xq)]\x, t; Di]\dt 



^ mUWiV '"^ ^f' [M + BN\x - Xo|], 
\Uz\^ m^AmN-^^-^f^[M + BN\x- Xo|]^ 



J' |[x, <; I>i] — [x, t; Do]uo\dt\ [ 
xo 1 ^ 



IX — XoP 



\Un\^ m'^A'^MN '^ ^,^'''" [Jlf + BN\x- Xo|]»-S 

and the series 

tto + mAMNp + m'AmN^^ [M + BNp] + ■•• 

+ m»A»ilfiV^ [M + BNp]''-' + ■•• 

being obviously convergent, we have 

Lim. Unix, Xo) = u{x, Xo) 

n=:oo 

uniformly for |x — Xo| ^ p. This limit evidently satisfies (1)^ and (1). 
That there is only one such solution may be seen as follows. Suppose 
there were two, u{x, Xo) and v{x, Xo), and call the difference 

wix, Xo) = u{x, Xo) — z{x, Xo). 
Then 

\w{x, Xo)| ^ W, 

and we have 

\w{x, Xo)i ^A{\'[{x, t ] DM - \{x, t ] D2)v]\ } 

xo xo 

^A{\{{x,t] D,)u] -\{x,t] D^)v\\ 

xo 10 

+ \[{x,t] DM - f(x, i; D,)v\\], 
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where 



Di= f u{t, ^)di and D2 = f v{t, {)d^ 
Finally we have 

(x, Xo)| ^ AJmiW flwit, Xo)\dt + mBN] | j |w>(<, ^)|ddd< | 

{I I2 *1 

mMW\x - Xo\ + mNBW '^ ~,^°' |; 

substituting this last result in (a) we have 



\w 
(a) 



1^ — ^OP , r, -.^,T1TDTV7TI7 1^ — ^0| 



h(x, xo) I S m'^AmW ' ^,-"' + 2m2AWBiVTr ■ 3, 

+ m^AmNBW ^^ "i^"^' ^ m^A^TF J^^^j^ [ilf + NB\x- Xo\f. 

Repeating this process, we get 

\w{x, Xo)| ^ m»A"Tr ^^ "i^"'" [Jf + A^B|x - Xo|]", 

which, as n becomes indefinitely large, approaches zero as a limit, therefore 
wix, Xo) = 0. Consequently 

u{x, Xo) = z(x, Xo). 
Pkinceton Unttersitt 



